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It is shown that existing methods for design of optimal regulators by the Wiener-Hopf procedure
must be modified in order to be applicable to unstable and/or nonminimum phase plant or dis-
turbance transfer functions, such as are frequently encountered in the chemical industry. Solu-
tions are developed for three cases: [. stable, but possibly nonminimum phase, plant and
disturbance transfer functions; Il. minimum phase, but possibly unstable, plant with no re-
strictions on the disturbance transfer functions; ond Ui, prestabilized, with a proper modifica-
tion to retain the original control effort inequality constraints, but possibly nonminimum phase
plant and disturbance transfer functions. Case Il gives the general solution for regulation
of linear, time-invariant, lumped-parameter systems. When prestabilization is not necessary, it
reduces to case |. Where applicable, solutions by the method of case |l frequently involve less

algebra than in case 1.

The Wiener-Hopf theory of spectral factorization in the
complex Fourier plane was developed more than two
decades ago. One of the first applications was in the de-
sign of optimal flters, for which auxiliary inequality
constraints were necessary. Newton (I) modified the
method to synthesize optimum servo controllers, subject
to mean-square constraints on controller effort, by means
of a Lagrangian multiplier technique. The system to be
controlled must be described by constant-coefficient,
linear, ordinary differential equations, possibly involving
a time delay. The Wiener-Hopf equation, which corre-
sponds to the Euler-Lagrange equation in the calculus of
variations, is an integral equation solvable in either the
time or frequency domain (I to 9).

Newton (2) pointed out that a filter in open-loop cas-
cade with the plant was, in principle, equivalent to a
feedback servo-controller loop. For unstable plants, he
advocated that an internal stabilizing loop be placed
around the plant before applying the method. However, in
the presence of one or more mean-square constraints on
the control efforts, this approach will lead to a different
problem, since the constraints are then placed on signals
related to the original control efforts.

Chang (3) considered a fairly general control problem
where the disturbance transfer function could be other
than unity. However, it will be shown that his solution
formulation must be modified if the disturbance transfer
function is unstable and/or nonminimum phase (NMP).
In particular, one obtains nonrealizable (predictive) con-
trollers if the disturbance and plant transfer functions ex-
hibit dead time, as found by Luecke and McGuire (10).

In the chemical industry, plant transfer functions fre-
quently involve dead time (a form of NMP) and some-
times are unstable. Hence, there is a need for a general
solution to handle all possible cases, wherein either or
both the plant and disturbance transfer functions may be
unstable and/or NMP. In this paper, the synthesis of op-
timum feedback regulators by the Wiener-Hopf method is
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extended to any physical system which can be described
by constant-coeflicient, linear, ordinary differential equa-
tions with or without a delayed time argument.

FORMULATION OF THE CONTROL PROBLEM

The control system represented by Figure 1 is sub-
jected to a stationary random disturbance whose auto-
correlation function is known. The problem is to deter-

A
mine the linear regulator G, which minimizes the mean-
square error, subject to mean-square constraints on the
control efforts.

Figure 1 represents a typical control system for systems
described by a time-invariant linear differential equation
of the form

A(p)e(t) = L(p)m(t — =) + U(p)d(t —74) (1)
where
n m !
A(p) =2 aip, L(p) = 2 Lp, U(p) = Eukp"
i=0 i=0 k=0
and .
p= ™ l

rq and 7, are associated with the disturbance variable
d(t) and manipulated variable m(¢), respectively. There-
fore, in the Laplace transform domain

ae TSI (s — zx)
k

A C(s) B U(s)e~Tes _
Gals) = D) - AG) TG =) (2)
and
_ be- s 11 (S — Zj)
Gl £ LOleT (3)
P EUE T AR T (s — pi)
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If the real part of a pole or zero is positive, it lies in
the right-hand plane (RHP). RHP zeros correspond to
nonminimum phase and RHP poles to instability. Let
B;j(s), j = 1,2. .., q be physically realizable linear op-

A
erators on the control variable M (s), such that M;(s) =
B;(s)M(s) represent the control effort upon which a
mean-square constraint is to be placed. For example,

M; = M and M, = — represent a situation in which it is
s

desired to place upper bounds both on m?(¢) and [ fmdt]2,
where the overbar denotes a time average.

Mathematically, the problem is to minimize €%(f), sub-
ject to the constraints m2(t) =Wg2, j=12, .. . g,
which is equivalent to finding the stationary point of the
Lagrangian function (11):

q
=200 + 2\ ()
i=1

(4)

Equation (4) can be written in terms of spectral densities
(9,12) as

=L | @s) + Eq;x,-z Bngy(s) | ds (5)

2mi i pu
where
i=vV—1, s=io
+
‘pee(s) = J‘_m d’ee(T) e 57dr
1T
balr) =lim—— (0 e+ ) a
and
‘I’m,'mj(s) = ‘[_w d’mjmj(‘r)e_s" dr = Opm (5) lBj(S) [2

(6)

The autocorrelation function ¢(r) and the spectral density
function ®(s) thus constitute a Fourier transform pair.
From Figure 1

— E = [GnGa/ (1 + GGnGp) 1D (7)
M = [— G:GyGn/ (1 + G.GnG,) 1D (8)
= (C/D — G4) D/G,
Hence, Equation (5) can be written as

1 {00
I(Gc) = 2_7” —iw

[ |GnGa/ (1 + GeGnGy) |2

q
+ 3 AR |GGG/ (1 + GGnGyp) |2 ] ©u ds (9)

i=1

where @44 is the spectral density of the stationary random
disturbance d(t).

In order to satisfy the necessary conditions for optimality,
the objective is to find the function G, so that the func-
tional I(G.) is stationary. However, G, appears non-
linearly in Equation (9), which complicates the solution.
A new function, H(s), containing the unknown G.(s) is
defined such that E(s) and M(s) are linear functions of
H(s). From (8), (7), and (8), I[H(s)] will then be
quadratic in H(s). The Wiener-Hopf method is then used
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to solve for H and hence (C/D), where the brevet denotes
an optimal function, From (6), the corresponding optimum
controller is then given by

A
& _ CGa= (C/D) (10)

A
(C/D) GnG,

However, it is also necessary to insure that: the overall
system transfer function (C/D) is physically realizable;
the transfer functions (M;/D) are stable and nonanticipa-
tory (respond in the present to future signals), so that
mean-square constraints can be imposed; G, is stable and
nonanticipatory; and (C/D) must not be destabilized
owing to infinitesimal changes in the plant parameters.
The last requirement implies that exact cancellation of
RHP zeros and poles in the fixed member functions by
factors in G, must be avoided. For physical realizability,
(C/D) must be stable, nonanticipatory (no e™ factor,
corresponding to negative dead time), and must have the
order of the numerator polynomial less than or equal to
the order of the denominator polynomial. Some of these
functional constraints are frequently not obvious, and the
difficulties are not readily recognized. In the next sec-
tion, therefore, a solution form given previously (3), for
a restricted class of problems is examined, and some illus-
trations are given to demonstrate the difficulties imposed
by the functional constraints. Let Gq and G, be stable
transfer functions. Inspection of Equation (7) suggests
that one can choose, as done by Chang (3) and Luecke
and McGuire (10)

(C/D — Gqg) = N,Q (11)

where N, -Z—E e~ ™S T1(s — zi), 2k > 0 which are the NMP
k

factors in G, and Q is a stable, nonanticipatory, but other-
wise arbitrary function. It is readily seen from Equations
(7) and (8) that E and M are linear functions of the un-
known function Q, so that the first step of the solution has
been achieved. Before we proceed, however, the previous
list of functional constraints must be checked. Since Gq
is stable and nonanticipatory, so is C/D = N,Q + Ga.
The second functional constraint is also satisfied, since

M/D = (C/D — Gq) /Gy = N,Q/G, = Q/G,” (12)

where G’ 4 Gp/Ny
The third functional constraint is placed on
G.= (Gg— C/D)/[GnG,(C/D)] =
— NpQ/[GmGp(Ga + NpQ)1  (13)

Hence, if G4 and G, both have dead time (rq and 7, non-
zero), the controller obtained from Equation (13) is antic-
ipatory and hence physically unrealizable. To demonstrate
this, we let Gg = e 7 Gy, Gy = 1, and G, = e ™Gy
Then
Ge= Q/[Gy (e7™ G4’ + e~ ™ Q]
= @Tas Q/[Gp/(cd’ + e('ra—'r;.)s Q)] fOI‘
= eT»s Q/[Gp/(e(rp—ra)s Gd/ + Q)] fOI'

TA=Tp
4> Tp

Therefore, Equation (11) fails, since the corresponding
optimum regulator will be physically unrealizable. Note
that this does not imply the nonexistence of the optimum
controller but simply the inapplicability of Equation (11)
without further modification. Furthermore, it is clear from
Equation (12) that if G4 and G, have a common RHP
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zero, this will appear as an RHP pole in G, so that the
form of Equation (11) requires modification for this case
also.
The fourth functional constraint is now investigated by
writing Equation (11) in the form
C/D = Gg + N,Q = Ga/ (1 + G.GnGp) (14)
This implies that the RHP zeros and dead time of G4 must
appear in C/D, unless exactly cancelled by (1 + G.GnGy).
However, exact cancellation of dead time is not possible,

and in practice exact cancellation of the RHP zeros also
fails, owing to small variations in their location. To illus-

s—1
—_——— Gn
(s+1)(s+2)

. The optimal controller is obtained from

trate this, let Gg =

1

(s+ 1)(s+2)
Equation (13):

=1, and G, =

G. =

s—1

A 1 A
-0 / {<s+1><s+z) [ s+ (s +2) +Q!}s>
1

— Qs+ 1)2(s + 2)2
(s—1) +O(s+1) (s +2)

s—1—c¢
——————— The overall system trans-
G+ 1)(s+2)
fer function is then

Now, let Ed =

C/D = Ca/ (1 + CaGnGy)
(16)

_=1=als=1) + Qs+ 1) (s +2)]
(s=1)(s+ 1) (s+2)

which is unstable unless (/_5 contains (s — 1) explicitly.

Similarly, from Equation (13), the RHP poles of G,
appear as RHP zeros in G, which implies, from Equation
(14), that stabilization of (C/D) also then depends upon
exact cancellation and is hence inadmissible. Thus, Equa-
tion (11) can be used only when Gy is stable and mini-
mum phase (MP) and G, is stable. If any of these condi-
tions is violated, a different approach is required.

Case |: Stable G3 and G,

It is easy to show that for stable open-loop systems [Gqg
and G, admit poles in the left-half plane (LHP) only] all
functional constraints are met with

C/D = H = Ggq + NgNyQ (17)

A
where Ny = ¢~™ Z; and N, é e~ Z, are then the
NMP factors in Gq and G,, respectively, and Q is a stable,
but otherwise, arbitrary function to be determined. Here

A
Zy =10 (s — 2;), 2z > 0, for example, represents the RHP
i

zeros of Gg.
In terms of Equation (17), E and M can be written as
E=R—GunC = — (Gqg+ NaN,Q)GmD =

—~ Na(Gd + N,Q)GnD  (18)

where G4’ é Ga/Ng. Similarly
M= (C - GaD) /G, = (NgQ/G,)D
M; = B;M,

(19)

i=12...,q (20)
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where G,/ 4 G,/N,. The corresponding spectral densities
are
Dy = lNd(Gd, -+ N,,Q)Gmlz D44 (21)

Dy = [NdQ/Gp'lz L) (22)

together with Equation (6). In terms of these spectral
densities, Equation (5) can be written as

1 +ioo
I=—

Qi ¥V i

[ [(Gd + NpQ) Gm|?

[Ng|? ®agds  (23)

q
+ 3 B2 N Q/G2
i=1 .

Let é\ minimize the functional 1(Q), and let

A
Q=0Q+ K (24)

so that
A
Q# — Qa + K® (25)

where e is a small real constant, K is an arbitrary stable
function, and Q®(s) = Q(—s). The expansion of Equa-
tion (23) in terms of Equations (24) and (25) yields

I = 11 + 6(12 + 12“) + 6213 (26)
where
A 1 oo A
Lh=1=—])_, [‘G"‘(Gd"*'NPQ)[z
2mi teo
b A
+ 3 (WBif2 [NyQ/Gyf? | |Naf? ®@aa ds (27)
i=1
1 be INT 2 2 0 2
I, = 77 K* | G¢N, |Gm| + ]N,,] Q ]Gml
,n,l 100

+ 2 I\Bi/ G| H [NgJ2 @uq ds  (28)
i=1

-1fiw Calt4 S WB/G,P
=) .. !m|+j§:;llii |

|NdeKi2 ®gq ds=0 (29)

Therefore, the necessary and sufficient condition is that
I, = 0. By following the well-known spectral factorization

(3) procedure é is found to be

0 = — [Gd |Gnml? Za*Np® {®aa}*/(Zp {V}~1+/
(Za*Zy® {®aa}* {V}*) (30)
= — [Ga|Gn|2 Na®N,® {@aa}*/ (ZaZy (V}~1./
(Z4a*Zp* {®aa}* {V}*)
where
Vi (V)= Z(Gal + 3 WB/GE  (3D)
and =
A
{®da}* {Paa}™ = Pag (32)

For example, this implies that ®44 has been split into two
factors, {®4a}* and {®4a}~ , which have all their poles
and zeros in the LHP and the RHP, respectively. Also, a
decomposition into positive and negative time functions

is implied by
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0
(F(6) T2 (F)1-+ [F@) s = §_ ftyesde

4—1:° f(t)estdt, s=1io (33)

When F(s) is rational in s, the operation [F(s)]. is
equivalent to partial decomposition into fractions and then
keeping those terms with poles in the LHP interior. Then

A A A
H = (C/D) = NaN,Q + Gy (34)

and the corresponding optimum feedback regulator is

A A A A A
Ge = (Ga — H)/GuGpH = — Q/[GnGy (G4 + NpQ)1
(35)

The minimum value of the Lagrangian function is given

by Equation (27). However, I,'\I as given by Equations
(30) and (34) is a function of the Lagrangian multipliers
j, which must be determined from the control constraints
in order to complete the solution. This evaluation will be
discussed later. The optimum feedback regulator for a
single-disturbance input which can be obtained by the
approach used by Chang (3) and Luecke and McGuire
(10) is a special case of the solution given here when Gn
= 1 and G4 has no NMP factors.

Having completed the general solution for open-loop
stable systems, we now proceed to cases where the open-
loop systems are unstable. Once again, a somewhat re-
stricted case will be considered first, since the computa-
tional difficulties due to the involved algebra are frequently
reduced for this case.

Case lI: Minimum Phase G,

The only restriction we shall now impose is that G,
has no RHP zero and no dead time. No restriction on Gq4
is required. The form of H which meets all the functional
constraints is

H = C/D = NyP,oF (36)

where Ng comprises NMP in Gg, Ppq represents RHP poles
in G, not also present in Gy, and F is a stable, but other-
wise arbitrary function. As an example, if Gg = 1/[(s —
1)(s+2)] and G, = 1/[(s — 1) (s — 2) (s + 2) 1, then
Py = (s — 2) is explicitly included in Equation (36) to
avoid exact cancellation of the RHP poles in G, not also

A
present in Gg by the RHP zeros in the controller G., since

P,y will appear as RHP zeros in éc. Note that if the dis-
turbance transfer function is minimum phase and contains
all the unstable poles of G, this expression reduces to H
= F, which is of the form recommended by Chang (3) to
reduce the amount of computation over the form of Equa-
tion (17). The Lagrangian to be minimized is now

(]
I = eZ(t) + )\].ij2(t)
i=1

Il

1 +io0
s | (o

q
-+ 2 [)\j2Bj(NdedF-—- Gd)/Gplz Dgaads (37)
i=1

By following the same procedure as above, the optimum

F is given by

a
' {2 [\Bi/ Go|? Na®Ppa® Ga {®aa} */
i=1
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(Z4Ppa {V}™) /(Za®Pya® {®aa}* {V}*) (38)

+

where the symbols have been defined in Equations (31)
and (33). The optimum overall and feedback regulator
transfer functions are given by

A A A
H = (C/D) = NgP,iF (39)
and
A A A
Gc = (Gd’ - deF)/(GmedeF) (40)

A
Thus, G, will be a stable controller so long as G, is mini-
mum phase. The minimum value of I is

A 1 +ioo A
I = = R ]NdedF (;ml2
2mi ¥V i

q A
+ 2 )‘J'?'}BJ(NdPDdF - G(l)/cp‘z <I>ddds (41)
i=1

We next proceed to solve the most general case. We
note that the method used in case II is inapplicable if G,
is NMP, and no acceptable internal feedback loop (not
depending upon exact cancellation) can remove the NMP
factors in G,. However, the formulation of case I, with
appropriate modifications, can be used if G4 and G, are
both stabilized, if necessary, by an internal feedback loop
which does not depend upon exact cancellation of the
RHP poles.

Case I1i: General Case

No restriction whatsoever is required on G4 and G,. The
approach used here is to convert this to the equivalent
form in case I. This principle is best described with Figure
2. Figure 2(a) is a typical control system, where G4 and
G, are both unstable and nonminimum phase. From this
is constructed Figure 2(b), in which a fictitious internal
feedback loop is placed around G, by using G, which is
a transfer function required to stabilize G, and Gg; that is,
the zeros of 1 + GG, are in the LHP interior. Figures
2(a) and (b) are forced to be equivalent through the
use of G, in Figure 2(b) in place of G, in Figure 2(a).
Here, by equivalence we mean

(C/D), = (C/D)y, and (M;/D), = (M;/D)p (42)

where the subscripts a and b refer to Figures 2(a) and
(b) since only these terms are involved in the Lagrangian
function I. It is obvious that

ac =G — G/Gp (43)

It is also possible to construct Figure 2(c) which is equiv-
alent to Figure 2(b); that is

(C/D)y = (C/D). and (M;/D)y, = (M;/D), (44)

This is accomplished by associating the fictitious minor
stabilizing loop with Gq and G, and by introducing a
necessary modification factor G for control effort. Hence

610 = Gp/ (1 + GpGs), (45)

Gy =Ga/(1 + GpGs) (46)
and

G =1+ G/ (GnGc) (47)

Note that the omission of G corresponds to solving a dif-
ferent problem, which fact has not been previously pointed

out. In Figure 2(c), both G4 and Ep are stable; hence,
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the approach adopted in case I is directly applicable. Note
that one can regard Gq and G, in Figure 2(c) as equiv-
alent to Gq and G, in Figure 2(a). However, in Figure
2(c) the input to G, is multiplied by B;G to obtain M;,
while the input to G in Figure 2(a) is multiplied by B;
in order to obtain the same signal. We will develop the
solutions for optimum overall transfer function for the
system given by Figure 2(c) and obtain the correspondmg

G Then, the optimum feedback regulator G for the
original system given by Figure 2(a) is obtained by

A A
Ge =Ge + G/Gn (48)

We now adopt the approach used in case I to Figure
2(c). The form of H which meets all the functional con-
straints is

H=C/D = -c_d + NdeT (49)

where Ny and N, are NMP factors in Gy and G, respec-

tively, as defined in Equation (17). Gq is a stabilized Gy,
that is, Ga/(1 4+ G,Gp), and T is some arbitrary, but
stable, function,

In terms of Equation (49),
be written as

(E/D) and (M;/D) can

(E/D) = —(Gq + NaN,T)Gn (50)
M;/D = (C/D) — G4)GBy/G,
= B; [NaNy(1/Gp — G,) T — G4Gq] (51)
after some manipulations based upon Equations (43),

(47), and (49).
The performance criterion I is given by

1 ticw

- { |G (Ga + NaN,T) |2

AZm2(t)

Omi Vi

q
+ 2 [\B; [NaNp (1/Gp — Go) T — GGal|? | @aa ds
i=1

(52)
By following the same procedure used in case I, the opti-

mum T is given by

T=— [ N,,°N,,°éd{ G2 — Go(1/G,p® — G,°)

[AB|? } {@aa} */ (ZaZyp {V}™) J

T

+

/(Za“zp“ {V}* {®aa}*) (33)

where
Gs=Ga/(1 + G,Gs), 6,, = Gp/ (1 + G,Gs) (54)
Dgg = {®aa} ¥ {Paa} ™, {V}+ {V}~
= |Gn|? + 2 [\Bi(1/Gp — Gy) |2

and Z; and Z, are the RHP zeros of G4 and G, respec-
tively. Therefore, the optimum overall transfer function
is given by
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Fig. 1. A signal flow graph for a typical control system,

— (CID) =Gy + NaN,T (55)

and the optimum G, is given by

A

—_ A A —_—
Ge = (Cy — H)/ (HGWG,)
— —(1 4 G,Gs)? NaN,T/ (GG, {Ga

+ (1 + GG,)NaN,T})  (56)

and the optimum regulator to the original problem of Fig-
ure 2(a) is

A A
C';c = C;c -+ Gs/Gm
A
= [G4GyGs + (1 + GpGs) NaN,T1/[GmGp {Ga
A
+ (1 + GyGs) NgN,pT}1 (57)

It is clear that ’,/I\' given by Equation (53) should reduce

to é given by Equation (30), and Equation (54) to Equa-
tion (31), when G4 and G, are stable, that is, G; = 0,
Gy = Gg and G, = G,. This can be readily verified.

Thus, the most general solutions have been obtained in
case I1I, which reduces to the solutions for stable case as
treated in case I. When G, is minimum phase, then the
solutions given in case II must be same as those given
in case III. One should note, however, the superior sim-
plicity of the solutions given in case II, in so far as com-
putations are concerned, to those given in case III. The
operations involved in Equations (53) and (54) are con-
siderably more than those indicated in Equation (38),
since in Equations (53) and (54) we are dealing, in gen-
eral, with higher-order terms. In addition, one must pre-
determine G in case III, which may also be time consum-
ing. Since the choice of G, is arbitrary, so long as the roots
of the characteristic equation 1 + G,G; = 0 all lie in the
LHP interior, it is recommended that G; be chosen judi-
ciously so that computational effort be reduced in Equa-
tions (53) and (54).

EVALUATION OF THE LAGRANGIAN MULTIPLIERS AND
THE RELATIONSHIP BETWEEN THE MEAN-SQUARE
CONSTRAINTS AND INSTANTANEOUS CONSTRAINTS

We now proceed to evaluate the Lagrangian multipliers
in order to complete the solutions developed previously.
The constraints to be satisfied are

m?(t) = ‘I’mjm]'(O)
1 +i0

o e— 3 @mjm](s; Al, PN

o A) =WE, j=1,...¢q

(58)
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TasLE 1. ProBABILITY OF MEETING INSTANTANEOUS
CONSTRAINT

Any zero-mean

Gaussian distribution distribution

kaaj/th Pr([mj(t)l.éa,-) = Pr([mj(t)[<a]~)>
2 0.9545 0.750
2.5 0.9876 0.837
3.0 0.9973 0.889
3.5 0.9995 0.919
4.0 0.9999 0.937
5.0 0.9999 0.960

© Ratios of instantaneous constraint to root-mean-square constraint.

where
A
DPpujm; = |BiNaQ/Gy'|? aa for case I
A
Pmjm; = |Bj(NaPpaF — Ga)/Gp|? @ for case II

and
— A —
Omm; = |B; [INaNp(1/Cp — G) T — GGl ua

for case III

and é, /F\‘, and /'.i’ are given by Equations (30), (38), and
(53), respectively. Equation (58), choosing the appro-
priate equality relationships, determines the values of );
j=1, ... g, which completes the solution. However, a
general comment on this type of constraint is in order.
The constraints given by Equation (58) are mean-square
constraints, whereas physical problems usually call for
instantaneous constraints of the form |m;(t)|? = a2 Since
the disturbance is a random input, it is impossible to sat-
isfy an instantaneous constraint for all time, for the input
is not known precisely at all time. One, therefore, requires
the control system to satisfy the instantaneous constraint
with some probability less than 1. The relationship be-
tween the mean-square values W2 and the instantaneous
values a2 for a Gaussian distribution with zero mean is

given by

+aj
_1 f ’ exp (— x2/202y;) dx
\/5 om; Y
(59)

= erf [aj/<\/§ O'MJ)]

For any zero mean distribution, the relationship is given

by the Chebyshev inequality (13), that is

Pr (|my(t)| =a)) =

have a means to satisfy the instantaneous physical con-
straint for any desired fraction of time, and Equation (58)
can be written as

1 +ie0

Dmjm; (83 Ay, + .. Ag)ds = (a;/k;)?  (B1)

_2—7:; —iw
where k; = a;/W; is selected by referring to Table 1.
There are other ways of handling this saturation type of
constraint (14).

CONCLUDING REMARKS

Three classes of problems have been discussed. Case I,
which refers to systems with stable Gq and G,, is of the
form given in the literature, except that a modification is
necessary for physical realizability if Gq is NMP. Case II
deals with minimum-phase G, and leads to an extension
of a procedure recommended by Chang to reduce com-
putational effort, which takes into account NMP G4 and
the possibility that G, contains unstable poles not in Gg.
An alternative procedure would be to prestabilize G, and
Gq by inner-loop feedback, which is the usual recom-
mendation. However, a direct application of inner-loop
stabilization, followed by the formulation, due to Chang,
of Equation (17), leads to the solution of a different prob-
lem than the original, due to the form of the inequality
constraint. This point is not explicitly stated in the litera-
ture and hence is further expanded in case III. This shows
how to modify the prestabilized system so as to retain all
features of the original problem and hence represents a
general method applicable to all systems. If prestabilization
is unnecessary, the method reduces to that of case I. For
minimum-phase plants, the method of case II is still pref-
erable, since the algebra is less involved.

Some remarks seem in order on the form of optimum
controller resulting from the general solutions, Equations
(35), (40), and (57). It is clear from Equation (40)

A

that the optimum controller G, may turn out to be un-
A A

stable if F admits any RHP zero, since any zero of F is a

pole of 6 This situation may arise owing to the particular
process involved in Equation (38). When all functions
involved are rational in s, the process [ ]+ in Equation
(38) is equivalent to decomposing into partial fractions
and retaining only those terms containing poles in the LHP
interior. Hence, if Ggq is stable and higher order in s than
G,, the above process gives a linear combination of stable
first-order terms. By combining terms, the numerator is a
linear combination of products of first-order terms. For
example

c1(s + by) (s + bs) + ca(s + by) (s + bs) + c3(s + by) (s + by)

3 Ci
[1e=> =
i=1 $+b;

Pr (jmi(t)| <aj) =1

— Pr([my(t)|=a;) =1 — (W;/a;)% (60)

According to Table 1, if the root mean-squared value is
taken to be, for instance, one-quarter of the instantaneous
constraint value, it is guaranteed that at least 93.7% of
the time the instantaneous constraint would be satisfied
regardless of the type of distribution, while for Gaussian
inputs at least 99.99% of the time the physical (instan-
taneous) constraint would be satisfied. Therefore, we now
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3
I (s + by)
i=1

(62)

so that the numerator polynomial may contain one or more

A
RHP zero(s). Hence, the probability of F having a RHP
zero may be high for open-loop stable systems when
Ga(s) is higher order than G, (s). Physically, such a situa-
tion arises in systems in which the disturbance enters far
ahead of the control actions, as in a series of reactors in
which the disturbance enters into the first reactor while
the control action is in the last reactor.

Unstable controllers are theoretically possible, since all
of the functional constraints are met, and the overall sys-
tem is stable. Frequently, however, its implementation
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(c)

Fig. 2. Unstable and nonminimum phase G4 and Gp.

may be impractical, and the relative stability and safety of
the resulting system will be marginal. Note, however, that,
theoretically speaking, regulation of a stable plant by an
unstable controller in a closed-loop system is equivalent
to regulating an unstable plant by a stable controller, a
procedure often employed. This follows from the fact that
Gy and G, are symmetrical in the closed-loop equation

A
G.Gy/ (1 + G.Gp). It is also clear that since G, admits

A
at most the RHP zero(s) of F as RHP poles, C/R is al-
ways stable. The same situation may arise, due to the

RHP zero(s) of (Gd’—!—é) in Equation (35) and of

{Gs + (1 + GSGD)Nplﬁ} in Equation (56) for cases I
and III, respectively.

Thus, for the case where the order of Gy is higher than
that of G,, it is possible for the optimum feedback con-
troller to be unstable. Some approx1mat10n techniques
over a limited bandwidth, perhaps in the form of the con-
ventional proportional-integral derivative (PID) controller,
may be desirable for practical implementation. One ap-
proach would be to approximate a high-order Gy(s) by
a lower-order transfer function before the synthesis pro-
cedure is employed. Note, however, that one cannot
thereby eliminate an RHP zero of the original Gg, since
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this would be equivalent to cancellation and would lead
to difficulties in stability and realizability. Another may
be a direct approximation of the unstable controller over
a small frequency range of importance by a known stable
controller.

In part II, the application of these methods to unstable
and/or nonminimum phase stirred-tank chemical reactors
will be demonstrated and the practical implications as-
sessed.

It should also be pointed out that the synthesis pro-
cedure presented here can be readily extended to design
problems associated with deterministic inputs. It is neces-
sary to replace mean-square error by integral-square error,
mean-square constraints by integral-square constraints, and
the disturbance autocorrelation function by the autotrans-
lation function (9), which is defined as

paa(r) = J.7 a) die+ o) @

ACKNOWLEDGMENT

Financial support by the Walter P. Murphy Foundation, the
Union Carbide Company, the National Science Foundation
(GK-1127) and the Ford Foundation is greatly appreciated.

NOTATION

A(p) = differential operator in Equation (1)

= constants describing system in Equation (1)
B], B;(s) = Laplace transform of linear operator
C, C(s) = Laplace transform of c¢(¢)

c(t) = output

D, D(s) = Laplace transform of d(t)

d(t) = random disturbance or load

E, E(s) = Laplace transform of e(t)

e(t) = error

¢%(t) = mean-square error

erf = error function

F, F(s) = portion of overall function given in Equation
(36)

A A

F, F(s) = optimum F

G, G(s) = Laplace transform operator defined in Equa-
tion (47)

G., G:(s) = controller transfer function

é\c = optimum controller transfer function

G. = controller transfer function for Figures 2(b)
and (¢)

A —

G. = optimum G,

G4, Ga(s) = disturbance transfer function C(s)/D(s)

Gq = stabilized Gg as defined in Equation (54)

Gy = Gg without NMP factor as defined in Equation
(12)

Gn = transfer function of measuring element

Gy, Gp(s) = plant transfer function C(s)/M(s)

Gp = stabilized G, as defined in Equation (54)

Gy = G, without NMP factor

Gs = transfer function of stabilizing loop

H = overall transfer function C/D

I/-\I = optimum H

I = Lagrangian function as defined in Equation (4)

i = imaginary number vV—1

i = summing index for constraints

K, K(s) = arbitrary function of the same class as F

k; = constants, ratios of instantaneous to root-mean-

square constraints
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L(p) = differential operator as defined in Equation (1)
L = constants in system describing equation

M, M (s) = Laplace transform of m(t)

m(t) = manipulated, or control variable

M;, M;(s) = Laplace transform of m;(t)

m;(t) = signal obtained from m(t)

m(t) = mean square value of m;(t)

Ny = NMP factors in G4 as defined in Equation (17)

N, = NMP factors in G, as defined in Equation (17)

P,a = right-half plane poles of G, not present as poles
in Gd

P = poles

Pr() = probability of ( )

q = number of constraints

Q = portion of overall transfer function as defined
in Equation (11)

6 = optimum Q

R, R(s) = Laplace transform of set point

T = portion of overall transfer function as defined in
Equation (49)

A

T = optimum T

t = time

U(p) = differential operator as defined in Equation (1)

uy, = constants in Equation (1)

{V}* = portion of V having poles and zeros in the LHP

{V}~ = portion of V having poles and zeros in the RHP

W2 = mean-square constraint values of m;(t)

z = zeros :

Zq = RHP zeros of Gy, w (s + 2,), 2, <0

Z, = RHP zeros of G, 7kr(s + z), 2z <0

[ 1+ = operation defined in Equation (33)

[ 1- = operation defined in Equation (33)

( )* = complex conjugate

Greek Letters

€ = real and small constant

\j = Lagrangian multipliers

o%m; = variance of m;(t)

7d = dead time associated with Gq

™ = dead time associated with G,

dda» Ppaa{r) = autocorrelation function of d(¢)

bees dee(r) = autocorrelation function of e (t)

Pmms dmm (7) = autocorrelation function of m(¢)

bmjmj $mjm;(7) = autocorrelation function of m;(t)

®yq, Pag(s) =spectral density of d(¢)

Dee, Pee($) = spectral density of e(t)

@, Pmm (8) = spectral density of m(¢)

®pnjmj Pmjmj(8) = spectral density of m;(t)

{®4a} = = portion of ®4g having poles and zeros in the
RHP

{®4a} * = portion of @4 having poles and zeros in the LHP

© = frequency
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Part II. Application to a Stirred Tank Reactor

The Wiener-Hopf procedure for synthesis of optimum constrained linear feedback regulators
has been extended in part | to all linear time-invariant lumped parameter systems. The solution
is here applied to the control of the output concentration of an exothermic, stirred tank reactor
operating close to an unstable steady state, by constrained manipulation of a cooling water

flow rate, in the presence of a randomly fluctuating inlet concentration.

When the spectral density of disturbance is given (for example, white noise through a first-
order time delay, or a series of randomly alternating steps), the optimum controller has three
modes: proportional, derivative, and integral with minor feedback. The responses of the nonlinear
reactor and the linearized reactor control systems to a series of alternating deterministic step
inputs and Gaussion distributed inputs are simulated, and a sensitivity study of the linearized
system with respect to variations in process, controller, and disturbance parameters is made in

order to demonstrate the feasibility of the method.

The identification of chemical systems from responses
to random inputs has been examined by several authors
(1 to 5). More recently, the synthesis of optimum control-
lers by Wiener-Hopf methods for chemical systems subject
to random disturbances has been treated (6, 7).

In part I (8) of this two-part series, it was shown how
to extend the Wiener-Hopf synthesis of optimum con-
strained linear feedback regulators to the general single-
input, single-output linear, time-invariant system, with or
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without dead time. In this paper, the solution is applied
to the control of the output concentration of an exothermic,
stirred tank reactor in the presence of a randomly fluctuat-
ing inlet concentration. The reactor is to be operated close
to its unstable steady state by manipulation of a constrained
cooling water flow rate. Within a small operating region,
the system dynamics may be represented by an unstable
plant transfer function and an unstable, nonminimum phase
disturbance transfer function. Therefore, the solution de-
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